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Abstract
Example. There exists a space X with a sharp base and a perfect mapping f :X → Y onto a space Y which does not have a sharp
base.
It is known that a spaces with a sharp base have a point-countable sharp base. This can be sharpened to “point-finite” on the set
of isolated points.
Theorem. If X has a sharp base then X has a point-countable sharp base which is point-finite on the set Z of isolated points.
(Hence Z is an Fσ set.)
A topological proof of the previous theorem is given but the theorem follows from a more general combinatorial statement about
certain subsets of κ × κ . This last statement is proved using a set-theoretic argument.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
All spaces in this paper are assumed to be at least T1. A base B for a space X is said to be a sharp base [2] if,
whenever x ∈ X and 〈Bn〉n∈ω is a sequence of distinct elements of B with x ∈⋂n∈ω Bn, then {⋂kn Bk: n ∈ ω} is
a local base at x. The notion of a sharp base was introduced in [2] where it is observed that a uniform base [1] is a
sharp base, and a sharp base is a base of countable order [10] as well as a weakly uniform base [7]. A uniform base B
for a space X is a base such that whenever 〈Bn〉n∈ω is a sequence of distinct elements of B with x ∈⋂n∈ω Bn, then{Bn: n ∈ ω} is a local base at x. A weakly uniform base B for a space X is a base such that whenever 〈Bn〉n∈ω is a
sequence of distinct elements of B then
⋂
n∈ω Bn contains at most one point.
Other recent papers [3,4,6,8] have contributed to the study of spaces with a sharp base. C. Good, R. Knight and
A.M. Mohamad [6] ask several questions. One of the questions is: If X has a sharp base and Y is a perfect image of
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X with a sharp base and a perfect image which is not a p-space—hence cannot have a sharp base. This question was
independently answered by L. Mou and H. Ohta in [8] where they give a closed 2-to-one map of a sharp base space
onto a space without a sharp base.
The second result in this note shows that a space with a sharp base has a sharp base which is point-finite on the
set of isolated points. This strengthens a result from [3] where it was shown that if X has a sharp base then there is a
sharp base which is point-countable on the set of isolated points. (In any case, a sharp base is always point-countable
on the set of non-isolated points.) As a corollary we see that the set of isolated points in a space with a sharp base is an
Fσ set. This second result is given a combinatorial interpretation about certain subsets of κ × κ and a non-topological
proof of this is given within this context at the end of the last section.
2. Perfect images
In this section we describe a class of spaces with a sharp base for which there exists a natural perfect image which
does not have a sharp base. This answers a question in [6] by C. Good, R. Knight and A.M. Mohamad.
Example 2.1. There is an example of a space Z with a sharp base and a perfect mapping onto a space Y which does
not have a sharp base.
Proof. Suppose X is a Tychonoff space with a σ -point-finite sharp base B and with a closed discrete subset E which
is not a Gδ-set in X. An example of such a space is given in [2]. Assume X has the form X = D∪E where D∩E = ∅
and E contains no isolated points. Let Z = (X ×ω) (D × {0}) and topologize Z as follows:
For any n ∈ ω, with n > 0, and any open U ⊆ X, U × {n} is open in Z.
For e ∈ E, W a canonical open neighborhood of e in X (i.e., W ∩E = {e}) and k > 0 let
V (e,W,k) = {(e,0)}∪
(⋃
nk
W × {n}
)
;
declare V (e,W,k) to be open in X. (This gives the same as the subspace topology inherited from X × ω when ω is
given the topology of a sequence converging to 0.)
To verify that Z is a space with a sharp base we need to use the σ -point-finiteness of the base B—so express
B =⋃n∈ω Bn where, for n ∈ ω, Bn is point-finite. Identify the elements of Bn which are canonical neighborhoods of
some e ∈ E by letting En = {W ∈ Bn: |W ∩E| = 1}. Now, for k > 0, let
Vk =
{
V (e,W,k): W ∈ Ek and e ∈ W ∩E
}
and notice that every Vk is point-finite. Let A be a base given by
A =
(⋃
k>0
Vk
)
∪ ({U × {n}: U ∈ B, n > 0}).
It can be verified that A is a sharp base for X.
Define a quotient space Y of Z by identifying each {e}×ω, e ∈ E, to a point. The resulting quotient map f :Z → Y
is a perfect mapping (closed continuous mapping with every f−1(y), y ∈ Y , compact). Now, every space with a sharp
base is a p-space [2] so Z is a p-space but techniques of J.M. Worrell [9] and J. Chaber [5] show that Y is not a
p-space—hence Y cannot have a sharp base.
For completeness we include an argument that Y is not a p-space. For contradiction, assume Y is a p-space.
Then, there would be a sequence 〈Gn〉n1 of open covers of Y such that whenever Gn ∈ Gn with ⋂n1 Gn = ∅ then
C =⋂n1 Gn is compact and {⋂kn Gk: n 1} is an outer-network about C. For every e ∈ E and k  1 pick some
Gk(e) ∈ Gk , with f ((e,0)) ∈ Gk(e) and some V (e,Wk(e),1) ⊆ f−1(Gk(e)). Since E is not a Gδ-set in X there is an
infinite sequence 〈en〉n1 from E and some y ∈ D such that y ∈ Wk(ek) for all k  1. This gives {y} × {n: n 1} ⊆
V (ek,Wk(ek),1) and we see that the closed discrete set A = {y} × {n: n 1} ⊆⋂k1 f−1(Gk(ek)). However, this
says that f (A) is (infinite) closed discrete in Y and f (A) is contained in the compact set⋂k1 Gk(ek), a contradiction.
That completes the verification of the example. 
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Every weakly uniform base [7] and hence every sharp base is point-countable on the non-isolated points of the
space. A remark in [2] indicates that a sharp base need not be point-countable on the set of isolated points and they
show that every sharp base space with no more than ω1 isolated points has a point-countable sharp base. It was later
shown in [3] that every space with a sharp base has a point-countable sharp base. Moreover, this new base can be
obtained from the old one by removing at most finitely many isolated points from each original base element.
This result can be sharpened to:
Theorem 3.1. If X has a sharp base B then X has a point-countable sharp base which is point-finite on the set of
isolated points of X. Hence, the set of isolated points is an Fσ -set.
Proof. We observe from the proof that such a base can be constructed by removing a finite set from each element U
of the base B. The proof is by induction on κ = |B|.
It is clear that the theorem is true for |B| = ω. We assume true for all sharp bases B whenever |B| < κ and as part
of the induction hypothesis we assume that modification of the elements of B will be done only by removing finitely
many “unprotected” elements from each element of B. The distinction of unprotected elements will be made clear by
the discussion below. Suppose |B| = κ and we express B = {Bα: α < κ}. From results of [3] we may assume B is
already point-countable on the set Z of isolated points.
For the first case we work under the assumption that κ has uncountable cofinality. We continue with some notation.
For z ∈ Z and β ∈ κ we let:
• Iβ(z) = {α  β: z ∈ Bα}.
• σz = min{β: {z} =⋂{Bα: α ∈ Iβ(z)}}.
• Lβ = {z ∈ Bβ : σz = β}.
Note that if z, z′ ∈ Lβ, z = z′, then Iβ(z) is finite and Iβ(z) = Iβ(z′), so |Lβ | |[β]<ω| < κ . For β = β ′, Lβ ∩Lβ ′ = ∅
so {Lβ : β < κ} is a partition of Z.
It will be convenient to define some other language. A collection C is said to be a finite-modification of W over A
if there is a surjection φ :W → C such that for all W ∈ W, φ(W) ⊆ W and W  φ(W) is a finite subset of A. We say
that an element z ∈ Bβ ∩Z is protected if β  σz and unprotected otherwise. This language is meant to reflect the idea
that any finite-modification B′ of a sharp base B will remain a sharp base if we remove only unprotected elements of
Bα ∈ B.
For z, z′ ∈ Z, define
z ∼ z′ ⇐⇒ there exists α ∈ κ such that z, z′ ∈ Bα and σz  α, σz′  α.
z  z′ ⇐⇒ there exists a chain z0, z1, . . . , zk ∈ Z with z = z0 ∼ z1 ∼ · · · ∼ zk = z′. The relation  is an equivalence
relation on Z and we let the associated partition be given by Z = {[z]: z ∈ Z}.
Using point-countability of B we see that each [z] has cardinality <κ . If Wz = {Bα ∈ B: Bα ∩ [z] = ∅} the pairs
([z],Wz) “model” a sharp base of cardinality less than κ . The proper modification of the collections Wz for each z ∈ Z
will give the appropriate modification of the original sharp base B. More precisely, if W′z = {W ∩ [z]: W ∈ Wz} then
W′z is a sharp base of cardinality < κ for the (discrete) space [z]. By the induction hypothesis we may remove finitely
many unprotected elements from each element of W′z to obtain a point-finite sharp base W′′z for [z]. If y′ ∈ Bβ ∩ [y],
z′ ∈ Bβ ∩ [z] for [y] = [z] then either σy′ > β or σz′ > β . That is, at least one of y′, z′ must be a protected element
of Bβ . We see that only one of Bβ ∩ [y], Bβ ∩ [z] can contain unprotected elements of Bβ . The procedure giving
each collection W′′z actually gives a subset B ′β ⊆ Bβ with Bβ  B ′β finite for every β ∈ κ . It remains to see that this
new collection B′ = {B ′β : β ∈ κ} is point-finite on Z. This follows because, for z ∈ Z, W′′z = {B ′β ∩ [z]: Bβ ∈ Wz} is
point-finite on each [z] by design and {[z]: z ∈ Z} is a partition of Z.
Now, assume the case that κ has cofinality cfκ = ω. Express κ as the limit of an increasing sequence 〈λn〉∈ω where
each λn is a regular infinite cardinal.
Assume the notation as defined above. For n ∈ ω, let
Pn = {z ∈ Z: σz  λn}
⋃
Pk and Wn = {Bα ∈ B: Bα ∩ Pn = ∅}.k<n
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unprotected elements from only finitely many Pn. That is, the elements of Bα ∩ Pn are all protected elements of Bα
whenever λn−1  α. Now let W′n = {W ∩ Pn: W ∈ Wn}; then W′n is a sharp base of cardinality < κ for the discrete
space Pn. Let B0 be a finite-modification of B over P0 such that B0 remains a sharp base for X and is point-finite
on P0. Continuing by induction, for n ∈ ω, we let Bn+1 be a finite-modification of Bn over Pn+1 such that Bn+1
remains a sharp base for X and is point-finite on Pn+1. Each modification is to be done by only removing unprotected
elements. If the finite-modifications are witnessed by the maps φn :Bn → Bn+1 earlier comments indicate that for
any Bα ∈ B there is some m ∈ ω such that φk+1(φk ◦ · · · ◦ φ0(Bα)) = φk ◦ · · · ◦ φ0(Bα) for all k > m. This says that
B′ =⋂n∈ω Bn is a finite-modification of B over Z and B′ is a sharp base for X which is point-finite on Z. That
concludes the proof of the theorem. 
The proof of Theorem 3.1 was clearly quite topological, relying on the properties of a sharp base and how it interacts
with the set of isolated points. The essence of this interaction can be modeled by a combinatorial statement about
modifying certain subsets of κ × κ (Theorem 3.2). After defining a little terminology, this theorem has a remarkably
short proof using an “elementary submodel” argument. Even though Theorem 3.2 implies Theorem 3.1 we felt it was
worthwhile to show both proofs—perhaps the reader can find some value in each of the proofs.
We start with some notation and language which will be used through the rest of the paper. Let κ  ω be an ordinal.
For A ⊆ κ × κ , α < κ , let Rα = {β ∈ κ: (β,α) ∈ A} and Cα = {β ∈ κ: (α,β) ∈ A}. We say A is (column) < ω-in-1
if for all α ∈ κ , for all D ∈ [Cα]ω, there exists I ∈ [D]<ω such that β = α implies I  Cβ . A finite row-modification
of A is a set of form A
⋃
α∈κ(Fα × {α}), where Fα ∈ [Rα]<ω for every α < κ . (This definition is just a precise way
of saying that the modification of A is obtained by removing only a finite set from each “row” of A.)
Theorem 3.2. If A ⊆ κ × κ is (column)<ω-in-1 then A has a finite row-modification A′ such that every column of A′
is finite.
Proof. To begin the proof let M be an elementary submodel with A,κ ∈ M ≺ Hθ and θ “large enough”.
Claim A. α ∈ κ M implies |Cα ∩M| <ω.
Indeed, if |Cα ∩ M|  ω, for some α ∈ κ , then because of the (column)< ω-in-1 property there is an I ∈ [Cα ∩
M]<ω such that for all γ ∈ κ it is true that I ⊆ Cγ implies γ = α. It now follows that α is the unique γ ∈ κ with
I ⊆ Cγ and so α ∈ M (as A,κ, I ∈ M), a contradiction.
Claim B. 〈Cα M〉α∈κ∩M is pairwise disjoint.
Indeed, if α,γ ∈ κ ∩ M , α = γ , such that there exists β ∈ Cα ∩ Cγ M , then by α,γ ∈ κ ∩ M and β /∈ M we
would have Cα ∩ Cγ ∩ M an infinite set. (If E = Cα ∩ Cγ ∩ M is finite then α,γ,A,E,κ ∈ M and we have “there
exists β ∈ κ such that (α,β), (γ,β) ∈ AE”. Hence, there must exist “β ∈ M ∩ κ such that . . . ”—this is impossible
by the definition of E.) Then, |Cα ∩Cγ | ω would contradict (column) < ω-in-1.
Continuing with the proof of Theorem 3.2, suppose indirectly that there is a counter-example with κ minimal.
Clearly κ > ω and κ is a cardinal. Let 〈Mξ 〉ξ<κ be a continuous ∈-chain of elementary submodels of Hθ with A,κ ∈
M0, every |Hξ | < κ and κ ⊆ ⋃ξ<κ Mξ . Consider ξ ∈ κ . By the inductive hypothesis there is an 〈F 1α 〉α∈κ∩Mξ+1 ,
F 1α ∈ [Rα]<ω , such that the columns of
A∩ (κ ∩Mξ+1 × κ ∩Mξ+1)
⋃
α∈κ∩Mξ+1
F 1α × {α}
are finite. For every α ∈ κ ∩ (Mξ+1Mξ), Claim B (applied to Mξ ) implies there is at most one γ ∈ κ ∩Mξ for which
α ∈ Cγ . Let Fα = F 1α ∪ {γ } if such γ exists; let Fα = F 1α otherwise. It is easy to check that all columns of the finite
row-modification A′ = A⋃α<κ Fα × {α} are finite, by using Claim A. 
Remark. If X has a sharp base B with |B| = κ it is clear that the set of isolated points Z ⊆ X has |Z|  λ ⊆ κ .
Express B = {Bα: α ∈ κ}, Z = {zα: α ∈ λ} and let A = {(α,β) ∈ κ × κ: zα ∈ Bβ}. The sharp base property translates
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that every column of A′ is finite. This now induces a finite-modification B′ of B such that B′ is point-finite on Z.
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